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Preface

The task of this book is to present the theory of the scales of Banach
spaces and the role they play in the modern theory of Partial Differential
Equations. Some parts of the theory of interpolation are analysed here
too. The book gathers the results of previous investigations on this subject,
completed with the new ones.

The present study is directed to the mathematics students finishing al-
ready their university career, mathematicians and other people interested in
mathematical science. To understand it, the basic knowledge from the fields
such as a course on functional analysis containing the basics of Sobolev
spaces and integral calculus in Banach spaces are required. Every reader
should also be familiar with the theory of distributions and the Fourier
transform, but the elementary theorems related to both of them can be
found in Appendix A.

The book is divided into three parts. The first one introduces the reader
into the theory of the interpolation spaces, gives its brief description and
presents the basic properties of interpolation spaces.

As the precursors of the theory of interpolation we can consider M. Riesz
and O. Thorin, who in the thirties proved the theorem of the interpolation of
the spaces LP(2). In 1939 the generalization of these results was published
by J. Marcinkiewicz. After the Second World War the theory was inves-
tigated by i.a. A. Zygmund, A.P. Calderén, E. Gagliardo and J.L. Lions
along with J. Petree, who perceived the interpolation spaces as traces for
variants of Sobolev spaces. The more complete description of the theory
of interpolation spaces can be found i.a. in the monographs of H. Triebel,
L. Tartar and A. Lunardi.

The aim of the second, main part of the book, is to present the con-
struction of the scale of the Banach spaces, generated by such an operator
A: D(A) € X — X of the type (w, M) that 0 € p(A). In this part we
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can find the description which contains the characterization of the scale of
Banach spaces and the scale of dual spaces.

The object of the last part is to show the applications of the theory given
before in specific problems. We introduce the class of sectorial operators,
which were widely considered i.a. by T. Kato, H. Tanabe and D. Henry,
H. Amann, A. Lunardi. The connection of this class with the operators of
the type (w, M) is analysed here too. It is also possible to find in this part
some properties of the scale of Banach spaces, defined for sectorial operators.
Finally, we deal with the investigation of the existence and smoothness of
the solutions of some Cauchy’s problems, considered on different spaces on
the scale of Banach spaces.

The structure of the book is as follows:

Chapter 1: introduces the definition of fractional powers of operator and
describes their basic properties.

Chapter 2: first deals with the spaces Dj and describes their properties
and shows that they coincide with some interpolation spaces. Next, the
classical approach to the theory of interpolation spaces is given and differ-
ent methods of introducing these interpolation spaces, e.g. K-method and
trace method of real interpolation and complex method of interpolation are
presented. In this chapter can also be found the definition of the operator
of the type (w, M (0)).

Chapter 3: this short chapter gives the characterization of the domains
of fractional powers of operator through infinitesimal generators of bounded
semi-groups or bounded analytic semi-groups.

Chapter 4: this crucial chapter contains two sections. The first one
considers inductive limits and projective limits of sequences of Banach spaces
and their properties. The second one shows construction of the scale of
Banach spaces for the linear operator of the type (w, M (#)), which resolvent
set contains 0. Next the characterization of the scale of Banach spaces is
discussed.

Chapter 5: the aim of this chapter is to introduce a few examples of the
scales of the Banach spaces. One of the examples leads to definition of the
fractional Sobolev spaces, which are useful spaces considered in the theory
of Partial Differential Equations.

Chapter 6: presents sectorial operators, describes their properties and
gives some basic examples of such operators.

Chapter 7: is devoted to some applications of the theories given before.
At the beginning we consider the operators defined on different levels of the
scale, that is to say for the operator A: D(A) C X — X we consider its
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restrictions or extensions A|x- for the spaces in the scale (X?),cr, generated
by this operator. We show that if the operator A is closed or sectorial
then all the operators A|x- are also closed or sectorial. Next we present
the theorem which shows that under certain assumptions the scales of the
Banach spaces can be achieved by using the method of complex interpolation
spaces. Finally we will give the examples that justify the consideration of
the spaces with fractional exponents on the scale.
Chapter 8: deals with the Cauchy’s problem

us + Au= F(u), t>0,
u(0) = up.

We consider the local X?#-solutions as well as their existence and uniqueness.
Next we reveal a few examples of Cauchy’s problems for which we search
the local X*-solutions.

Appendix A: contains basic facts referring to the theory of distributions
and Fourier transform.
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Yukasz Dawidowski
Skale przestrzeni Banacha, teoria interpolacji wraz z zastosowaniami

Streszczenie

Celem niniejszej monografii jest oméwienie teorii skal przestrzeni Banacha oraz teorii interpo-
lacji wraz z podaniem przykladéw ich zastosowan. Praca sktada si¢ z trzech cze¢sci: dwie pierwsze
opisuja teori¢ zastosowana nastepnie w czesci trzeciej, w ktorej zanalizowane sa przyklady jej
uzycia.

W pierwszej kolejnosci opisano teoretyczne podstawy teorii interpolacji. Podano definicje oraz
podstawowe twierdzenia dotyczace konstrukeji przestrzeni interpolacyjnych (interpolacja rzeczy-
wista i zespolona).

Druga, gtéwna, cze$¢ monografii przedstawia definicj¢ poteg ulamkowych operatoréw,
w szczego6lnosci dodatnich operatoréw sektorialnych. Zaprezentowano takze ich zastosowanie do
konstrukeji skal przestrzeni Banacha, ktére jako gléwny obiekt badan sa przykladem przestrzeni
interpolacyjnych. W pracy zamieszczono réwniez charakteryzacje skal przestrzeni Banacha, ktéra
stuzy jako podstawa teoretyczna do opisu zastosowan tej teorii.

W trzeciej czeSci omdéwiono zastosowanie podanej wczesniej teorii do badania ,zachowan”
operatoréw na réznych poziomach skali. Udowodniono twierdzenia dotyczace operatoréw do-
mknigtych oraz operatoréw sektorialnych. Gwarantuja one, pod pewnymi zalozeniami, posiadanie
tych wtasciwosci przez operatory rozwazane na dowolnych poziomach skali. Nastepnie opisano
konkretne réwnania czastkowe, w rozwigzywaniu ktérych mozna zastosowa¢ wspomniang teorie.
Podane przykltady dotycza szukania rozwigzan o wickszej regularnosci pewnych réwnan drugiego
rzedu z warunkami brzegowymi typu Dirichleta oraz rozwigzywania nieliniowego réwnania La-
place’a na podstawie teorii Henry’ego, ktéra dotyczy rownan z nieliniowoscia spetniajaca warunek
Lipschitza na podzbiorach ograniczonych.

Jlykam JlaBumoBcKu
IITkana BanaxoBux npocrpaHcTB. Teopusi MHTEPIIOJISALUN U €€ IIPUMeHEHUe

Peszwowme

[enpro HacrosAmeld MOHOTpadHUH ABJAEIS PACCMOTDEHHE TEOPDHH MIKAJIBl OaHAXOBBIX
OPOCTPAHCTB, a TAaKXKe TEOPHM HWHTEPIOJISIUN HAPSAY C OPUBEAHEHHEM IIDHMEPOB HX
HCIOJAB30BaHuA. Pabora cocrouT m3 Tpex wacTeil: JBe IepBble U3 HUX OIHCHIBAIOT TEOPHIO,
BOCTPeOOBAHHYIO 3aTeM B TPETheHl 4acTH, B KOTOPOH AHAJU3UPYIOS IPUMEDPHL €€ IPUMEHEHU.

B mepBylo oOuepenh OIHCHIBAIONS TEOPETHYECKHE OCHOBAHUS TEOPHH HHTEPIOJISIINN.
IlpuBonsans neduHUIME, a TaKXKE OCHOBHBIE YTBEDXK/IEHHSA, KaCAOIINeCss KOHCTPYKIHA
HMHTEPUIOJISUOHHOBO IPOCTPAHCTBA (PALMOHAIBHAS U KOMIUIEKCHAS MHTEPIIOJIALNS).

Bo Bropoit, riaBHO# wacTm MoOHOrpadum, mpeicraBieHa gedbUHHUIUS APOOHBIX CTemeHei
OIIEpATOPOB, B OCODEHHOCTH IOJOKHUTEJIBHBIX CEKTOPHAJBHBIX OMepaTopos. lloka3aHO Takike
X OPUMEHEHHE B 00/IACTH KOHCTPYKIMK IIKAJBI OAHAXOBLIX IPOCTPAHCTB, KOTOPLIE B KA<IECTBE
[JIABHOT'O IIPEAMeTa HCCJIEeIOBAHHUIl ABJAIS WIIOCTPAaIliell WHTEPIOIANHOHHBIX IPOCTPAHCTB.
Kpowme Toro, B paboTe naHa XapaKTE€PHCTHKA IIKAJIbI 6AHAXOBBIX IPOCTPAHCTB, KOTOPOS CIIYKHUT
TEOPeTHIEeCKHAM OCHOBAHHEM JJIS ONHUCAHUS KUCIOJL30BAHUS €TOH TEODHH.

Tperpst dHacThp npoenupyeT IPeACTABICHHYIO TEOPHI0 HA HCCAEJIOBAHUE <IIOBEIEHHUSI»
OIIEPATOPOB HA PA3HBIX YPOBHAX IMKaJbl. JIOKa3aHBI TEOPEMBI, KACAIOMUECS 3AMKHYTHIX
¥ CeKTODPHAJIBHBIX OmeparopoB. OHU rapaHTHDPYIOT, C ONPEeIEeHHBIMH OTOBOPKAMH, HAJUIHE
ocobeHHOCTelH OIIepaTOPOB HA JIIOOBIX YPOBHSX MIKaJbl. Jlaee onucaHbl KOHKPETHBIE YACTHIHBIE
YPaBHEHHUsI, IPH PEIMIEHHH KOTOPLIX MOXKHO HCIOJIL30BATEH YIOMSHYTYIO TeOpHIio. llpusenenmbie
[IpUMePBI KaCarollsl IIOUCKA pelneHuil ¢ 6oJblieil peryIsapHOCTBIO OTAENbHBIX yPABHEHUH BTOPOrO
IOpsAKa ¢ FPAHHYIHBIMU YCJIOBUAMHI THIA JIupuxie, a TaKXKe pelleHui HCIMHEHHOro ypaBHEHU
Jlamjaca Ha OCHOBaHWM Teopun I[eHpH, KOTOpas KaCaels yYPaBHEHHH C HeJIMHEHHOCTHIO,
BBIIIOJIHAOIIEH ycaoBHe JIummuna Ha OrpaHUYEHHBIX [OJCUCTEMAX.
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