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Preface

The task of this book is to present the theory of the scales of Banach
spaces and the role they play in the modern theory of Partial Differential
Equations. Some parts of the theory of interpolation are analysed here
too. The book gathers the results of previous investigations on this subject,
completed with the new ones.

The present study is directed to the mathematics students finishing al-
ready their university career, mathematicians and other people interested in
mathematical science. To understand it, the basic knowledge from the fields
such as a course on functional analysis containing the basics of Sobolev
spaces and integral calculus in Banach spaces are required. Every reader
should also be familiar with the theory of distributions and the Fourier
transform, but the elementary theorems related to both of them can be
found in Appendix A.

The book is divided into three parts. The first one introduces the reader
into the theory of the interpolation spaces, gives its brief description and
presents the basic properties of interpolation spaces.

As the precursors of the theory of interpolation we can consider M. Riesz
and O. Thorin, who in the thirties proved the theorem of the interpolation of
the spaces Lp(Ω). In 1939 the generalization of these results was published
by J. Marcinkiewicz. After the Second World War the theory was inves-
tigated by i.a. A. Zygmund, A.P. Calderón, E. Gagliardo and J.L. Lions
along with J. Petree, who perceived the interpolation spaces as traces for
variants of Sobolev spaces. The more complete description of the theory
of interpolation spaces can be found i.a. in the monographs of H. Triebel,
L. Tartar and A. Lunardi.

The aim of the second, main part of the book, is to present the con-
struction of the scale of the Banach spaces, generated by such an operator
A : D(A) ⊆ X → X of the type (ω,M) that 0 ∈ ρ(A). In this part we
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can find the description which contains the characterization of the scale of
Banach spaces and the scale of dual spaces.

The object of the last part is to show the applications of the theory given
before in specific problems. We introduce the class of sectorial operators,
which were widely considered i.a. by T. Kato, H. Tanabe and D. Henry,
H. Amann, A. Lunardi. The connection of this class with the operators of
the type (ω,M) is analysed here too. It is also possible to find in this part
some properties of the scale of Banach spaces, defined for sectorial operators.
Finally, we deal with the investigation of the existence and smoothness of
the solutions of some Cauchy’s problems, considered on different spaces on
the scale of Banach spaces.

The structure of the book is as follows:
Chapter 1: introduces the definition of fractional powers of operator and

describes their basic properties.
Chapter 2: first deals with the spaces Dσ

p and describes their properties
and shows that they coincide with some interpolation spaces. Next, the
classical approach to the theory of interpolation spaces is given and differ-
ent methods of introducing these interpolation spaces, e.g. K-method and
trace method of real interpolation and complex method of interpolation are
presented. In this chapter can also be found the definition of the operator
of the type (ω,M(θ)).

Chapter 3: this short chapter gives the characterization of the domains
of fractional powers of operator through infinitesimal generators of bounded
semi-groups or bounded analytic semi-groups.

Chapter 4: this crucial chapter contains two sections. The first one
considers inductive limits and projective limits of sequences of Banach spaces
and their properties. The second one shows construction of the scale of
Banach spaces for the linear operator of the type (ω,M(θ)), which resolvent
set contains 0. Next the characterization of the scale of Banach spaces is
discussed.

Chapter 5: the aim of this chapter is to introduce a few examples of the
scales of the Banach spaces. One of the examples leads to definition of the
fractional Sobolev spaces, which are useful spaces considered in the theory
of Partial Differential Equations.

Chapter 6: presents sectorial operators, describes their properties and
gives some basic examples of such operators.

Chapter 7: is devoted to some applications of the theories given before.
At the beginning we consider the operators defined on different levels of the
scale, that is to say for the operator A : D(A) ⊆ X → X we consider its
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restrictions or extensions A|Xz for the spaces in the scale (Xz)z∈R, generated
by this operator. We show that if the operator A is closed or sectorial
then all the operators A|Xz are also closed or sectorial. Next we present
the theorem which shows that under certain assumptions the scales of the
Banach spaces can be achieved by using the method of complex interpolation
spaces. Finally we will give the examples that justify the consideration of
the spaces with fractional exponents on the scale.

Chapter 8: deals with the Cauchy’s problem{
ut +Au = F (u), t > 0,
u(0) = u0.

We consider the local Xz-solutions as well as their existence and uniqueness.
Next we reveal a few examples of Cauchy’s problems for which we search
the local Xz-solutions.

Appendix A: contains basic facts referring to the theory of distributions
and Fourier transform.
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the manuscript. Finally, I am grateful to the Institute of Mathematics at
the University of Silesia for the financial support.

Lastly, but above all, I thank my wife for her patience, support and help.



Łukasz Dawidowski

Skale przestrzeni Banacha, teoria interpolacji wraz z zastosowaniami

S t r e s z c z e n i e

Celem niniejszej monografii jest omówienie teorii skal przestrzeni Banacha oraz teorii interpo-
lacji wraz z podaniem przykładów ich zastosowań. Praca składa się z trzech części: dwie pierwsze
opisują teorię zastosowaną następnie w części trzeciej, w której zanalizowane są przykłady jej
użycia.

W pierwszej kolejności opisano teoretyczne podstawy teorii interpolacji. Podano definicje oraz
podstawowe twierdzenia dotyczące konstrukcji przestrzeni interpolacyjnych (interpolacja rzeczy-
wista i zespolona).

Druga, główna, część monografii przedstawia definicję potęg ułamkowych operatorów,
w szczególności dodatnich operatorów sektorialnych. Zaprezentowano także ich zastosowanie do
konstrukcji skal przestrzeni Banacha, które jako główny obiekt badań są przykładem przestrzeni
interpolacyjnych. W pracy zamieszczono również charakteryzację skal przestrzeni Banacha, która
służy jako podstawa teoretyczna do opisu zastosowań tej teorii.

W trzeciej części omówiono zastosowanie podanej wcześniej teorii do badania „zachowań”
operatorów na różnych poziomach skali. Udowodniono twierdzenia dotyczące operatorów do-
mkniętych oraz operatorów sektorialnych. Gwarantują one, pod pewnymi założeniami, posiadanie
tych właściwości przez operatory rozważane na dowolnych poziomach skali. Następnie opisano
konkretne równania cząstkowe, w rozwiązywaniu których można zastosować wspomnianą teorię.
Podane przykłady dotyczą szukania rozwiązań o większej regularności pewnych równań drugiego
rzędu z warunkami brzegowymi typu Dirichleta oraz rozwiązywania nieliniowego równania La-
place’a na podstawie teorii Henry’ego, która dotyczy równań z nieliniowością spełniającą warunek
Lipschitza na podzbiorach ograniczonych.

Lukax Davidovski

Xkala Banahovih prostranstv. Teori� interpol�cii i ee primenenie

R e z � m e

Cel~� nasto�we� monografii �vl�ec� rassmotrenie teorii xkaly banahovyh
prostranstv, a tak�e teorii interpol�cii nar�du s privedieniem primerov ih
ispol~zovani�. Rabota sostoit iz treh qaste�: dve pervye iz nih opisyva�t teori�,
vostrebovannu� zatem v tret~e� qasti, v kotoro� analiziru�c� primery ee primeneni�.

V pervu� oqered~ opisyva�c� teoretiqeskie osnovani� teorii interpol�cii.
Privod�c� definicii, a tak�e osnovnye utver�deni�, kasa�wies� konstrukcii
interpol�cionnovo prostranstva (racional~na� i kompleksna� interpol�ci�).

Vo vtoro�, glavno� qasti monografii, predstavlena definici� drobnyh stepene�
operatorov, v osobennosti polo�itel~nyh sektorial~nyh operatorov. Pokazano tak�e
ih primenenie v oblasti konstrukcii xkaly banahovyh prostranstv, kotorye v kaqestve
glavnogo predmeta issledovani� �vl��c� ill�stracie� interpol�cionnyh prostranstv.
Krome togo, v rabote dana harakteristika xkaly banahovyh prostranstv, kotoro� slu�it
teoretiqeskim osnovaniem dl� opisani� ispol~zovani� èto� teorii.

Tret~� qast~ proeciruet predstavlennu� teori� na issledovanie <povedeni�>
operatorov na raznyh urovn�h xkaly. Dokazany teoremy, kasa�wies� zamknutyh
i sektorial~nyh operatorov. Oni garantiru�t, s opredelennymi ogovorkami, naliqie
osobennoste� operatorov na l�byh urovn�h xkaly. Dalee opisany konkretnye qastiqnye
uravneni�, pri rexenii kotoryh mo�no ispol~zovat~ upom�nutu� teori�. Privedennye
primery kasa�c� poiska rexeni� s bol~xe� regul�rnost~� otdel~nyh uravneni� vtorogo
por�dka s graniqnymi uslovi�mi tipa Dirihle, a tak�e rexeni� isline�nogo uravneni�
Laplasa na osnovanii teorii Genri, kotora� kasaec� uravneni� s neline�nost~�,
vypoln��we� uslovie Lipxica na ograniqennyh podsistemah.
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